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We propose an extension of the Continuum Discretized Coupled Channels (CDCC) method, where
the projectile is described by a microscopic cluster model. This microscopic generalization (MCDCC)
only relies on nucleon-target interactions, and therefore presents an important predictive power.
Core excitations can be included without any further parameter. As an example we investigate the
7Li+208Pb elastic scattering at Elab = 27 and 35 MeV. The
7Li nucleus is known to present an α+ t
cluster structure, and is well described by the Resonating Group Method. An excellent agreement
is obtained for the 7Li+208Pb elastic cross sections, provided that breakup channels are properly
included. We also present an application to inelastic scattering, and discuss future applications of
the MCDCC.
The study of exotic nuclei is of major interest in cur-
rent nuclear physics research [1–3]. These nuclei present
unusual properties, such as a low breakup threshold and
an anomalously large root mean square (rms) radius. Ex-
perimentally they are investigated through reactions in-
duced by radioactive beams [4]. The first breakthrough
in this field was the discovery of a large radius of the
11Li isotope [5], and led to the definition and introduc-
tion of ”halo” nuclei in the nuclear nomenclature. A halo
nucleus is considered as a tightly bound core nucleus sur-
rounded by one or two weakly bound nucleons. Thanks
to the recent development of experimental facilities, other
exotic nuclei, such as 6He, 8B and 14Be, can now be pro-
duced with high intensities. In recent years, the effects of
low breakup threshold energies have been experimentally
studied in various processes involving heavy targets, such
as elastic scattering [6], breakup [7], and fusion [8]. As a
general statement, the large rms radius of exotic nuclei
has a strong impact on the nucleus-nucleus interaction,
as it extends further the range of the nuclear component,
and increases couplings to continuum states.
An accurate description of the breakup processes re-
quires high quality reaction models. A scattering model
essentially relies on two ingredients: (i) a quantum de-
scription of the scattering process; (ii) a reliable wave
function that faithfully describes the projectile. Opti-
mizing the description of the projectile, in particular for
exotic nuclei, is a crucial issue in reaction models.
At high energies, the Glauber model [9], using the
eikonal approximation [10, 11] provides an accurate de-
scription of various cross sections. Early calculations,
based on the adiabatic approximation, were recently ex-
tended to include excited or breakup states of the projec-
tile [12, 13]. The eikonal approximation provides a sig-
nificant simplification of the Schro¨dinger equation. This
makes it possible to perform two-body and three-body
breakup calculations, with a correct treatment of scat-
tering boundary conditions [14, 15].
At low energies (i.e. typically around the Coulomb bar-
rier) the eikonal approximation is not valid. The low-
energy region around the Coulomb barrier is most inter-
esting as quantum barrier tunneling effects become rel-
evant. In turn, they induce greater sensitivity of the
scattering system to the detailed nature of the couplings.
In this energy regime, the Continuum Discretized Cou-
pled Channel (CDCC) method, originally developed for
deuteron-induced reactions [16], has proved to be an ac-
curate theoretical tool [17, 18]. Since the deuteron can
be easily broken up, the theoretical description of the
d+nucleus elastic cross section can be significantly im-
proved by including couplings to the p+n breakup chan-
nels. The CDCC theory is also well adapted to exotic
nuclei, owing to their low binding energies.
In standard CDCC calculations, the projectile is de-
scribed by a two-body structure, where the constituents
interact through an appropriate potential (fitting, for ex-
ample, the ground-state energy). The internal Hamilto-
nian is then solved over a basis, and the associated eigen-
states are used in an expansion of the projectile-target
wave functions. Positive-energy states are referred to as
pseudostates (PS) as they provide an approximation of
the two-body continuum. In addition to the textbook
example d+58Ni reaction [19], other reactions have been
recently investigated within this framework (see Ref. [20]
for a recent review). The formalism has been extended
further to three-body projectiles [21, 22] to deal with
two-neutron halo nuclei such as 6He and 11Li, so-called
Borromean nuclei.
These traditional CDCC calculations, however, present
shortcomings. The Hamiltonian associated with the sys-
tem requires optical potentials between the target and
the projectile constituents. If optical potentials are in
general available for nucleons and α particles, they are
often unknown for heavier nuclei, owing to the lack of
data on elastic-scattering cross sections. Then, approxi-
mations must be used, either by scaling optical potentials
2from neighboring nuclei, or by evaluating folding poten-
tials. Another limitation comes about from the potential-
model description of the projectile. If this approximation
is, in most cases, reasonable, it may introduce inaccura-
cies in the cross section. In particular, core excitations
are known to be important in many exotic nuclei, and
their effect is absent from most CDCC calculations (see,
however, Ref. [23] where core excitations have been in-
cluded in the breakup of 11Be and 17C on 9Be).
In this Letter, we propose an extension of the CDCC
theory, by using a microscopic cluster description of
the projectile. In the microscopic CDCC approach
(MCDCC), the projectile (with Ap nucleons) is described
by a many-body Hamiltonian
H0 =
Ap∑
i=1
ti +
Ap∑
i<j=1
vij , (1)
where ti is the kinetic energy operator of nucleon i, and
vij is a nucleon-nucleon interaction. Hamiltonian such
as that of Eq.(1) is common to all microscopic theories
such as the Fermionic Molecular Dynamics (FMD) [24],
the No-Core Shell Model (NCSM) [25], or the Varia-
tional Monte-Carlo method (VMC) [26], to cite a few.
However, a fundamental issue in CDCC calculations is
the ability of the model to describe continuum states
of the projectile and how they influence the reaction
dynamics. Recent advances in the NCSM [27] and in
the Green’s Function Monte Carlo method [28] have
been successful to describe the continuum, but going
beyond nucleon-nucleus systems remains a complicated
task within these approaches. We use here the cluster
approximation, known as the Resonating Group Method
(RGM) [29, 30], where the treatment of nucleus-nucleus
scattering is a direct extension of bound-state calcula-
tions. In the RGM, an eigenstate of the Hamiltonian (1)
is written as an antisymmetric product of cluster wave
functions. This method, and the equivalent Generator
Coordinate Method (GCM, [31]), have been applied to
spectroscopic and scattering properties of many systems
(see Ref. [30] and references therein).
In the present exploratory work, we consider 7Li as
projectile. The RGM-GCM is well known to reproduce
most spectroscopic features of this nucleus (as well as of
its mirror partner 7Be), by assuming an α+t structure (or
α+3He for the mirror nucleus) [32]. In other words, the
RGM 7Li wave functions associated with H0 are defined
as
φℓjmk = A
[
[φα ⊗ φt]
1/2 ⊗ Yℓ(Ωρ)
]jm
gℓjk (ρ), (2)
where φα and φt are shell model wave functions of the
α and t clusters, ℓ is the orbital momentum, j the total
spin, and index k labels the bound and continuum states.
In Eq. (2), ρ is the relative coordinate (see Fig. 1), and
A is the 7-body antisymmetrization operator which takes
into account the Pauli principle among the 7 nucleons of
the projectile. The relative wave function gℓjk (ρ) are de-
termined from the Schro¨dinger equation associated with
H0.
In general, the RGM equation providing the projec-
tile wave functions (2) is non local [29]. The GCM is
strictly equivalent to the RGM, but is better adapted
to numerical calculations, as it makes use of two-cluster
Slater determinants. In the GCM, the wave function (2)
is written as
φℓjmk =
∫
f ℓjk (S)Φ
ℓjm(S) dS, (3)
where S is the generator coordinate, f ℓjk (S) are the gener-
ator functions, and Φℓjm(S) are 7×7 projected Slater de-
terminants with four 0s orbitals centered at −3S/7, and
three 0s orbitals centered at 4S/7. Using Slater determi-
nants in the calculation of matrix elements of H0 (and
of other operators, such as the electromagnetic ones), is
quite systematic, and can be extended to the p and sd
shells, even with core excitations [33]. Center-of-mass ef-
fects are exactly removed when the oscillator parameters
of both clusters are identical.
The Hamiltonian of the projectile + target system is
defined as
H = H0 + TR +
A∑
i=1
Vti(ri −R), (4)
where R is the projectile-target relative coordinate, ri
the nucleon coordinates defined from the projectile cen-
ter of mass (see Fig. 1) and Vti are the nucleon-target
interactions. The total wave function is expanded over
the GCM projectile basis. For a partial wave with spin
J and parity π, we have
ΨJMπ =
1
R
∑
cL
[
φℓjk ⊗ YL(ΩR)
]JM
uJπcL (R), (5)
where L is the relative angular momentum, and index c
stands for c = (ℓ, j, k). The summation is truncated at a
maximum angular momentum jmax, and at a maximum
PS energy which limits the number of k values.

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FIG. 1. Schematic picture of the projectile-target system,
with a microscopic cluster structure of the projectile. Coor-
dinates R and ρ are defined in the text.
The radial wave functions uJπcL (R) are obtained from
the coupled-channel system
−
~
2
2µ
[
d2
dR2
−
L(L+ 1)
R2
]
uJπcL
+
∑
c′L′
V JπcL,c′L′u
Jπ
c′L′ = (E − Ec)u
Jπ
cL , (6)
3where Ec are the projectile energies, eigenvalues of H0,
and where the coupling potentials V JπcL,c′L′(R) are ob-
tained from the matrix elements
Vcc′(R) = 〈φ
ℓj
k |
Ap∑
i=1
Vti(ri −R)|φ
ℓ′j′
k′ 〉, (7)
and from additional algebraic coefficients. Equation (7)
involves one-body matrix elements between Slater deter-
minants Φℓjm(S), which can be computed by using the
standard formula [34]. The system (6) is then solved by
using the R-matrix method on a Lagrange mesh [35, 36].
The solutions provide the scattering matrix for all (Jπ)
values, and consequently various cross sections (elastic
and inelastic scattering, breakup, fusion, etc.).
The MCDCC approach presents several advantages:
(1) the projectile wave functions are fully antisymmet-
ric, and not limited to bound states; (2) core excitations
can be included in a straightforward way; (3) the model
only relies on nucleon-target optical potentials. These
potentials are in general well known, and are indepen-
dent of the projectile. A strong predictive power of the
model is therefore expected.
As mentioned above, our first application of the
MCDCC deals with 7Li elastic scattering on a heavy tar-
get, which we take here to be 208Pb. Data are available
around the Coulomb barrier (Elab ≈ 30 MeV) [37]. As
the MCDCC involves heavy numerical calculations, we il-
lustrate the power of the method in a simple case, where
7Li is described by an α + t cluster structure. The sys-
tem only involves 0s orbitals (with an oscillator parame-
ter b = 1.45 fm) and excitations of the α particle can be
neglected.
The 7Li wave functions are defined from a discretiza-
tion of Eq. (3) with 20 values of the generator coordina-
tor S, ranging from 0.8 fm to 16 fm in steps of 0.8 fm.
The nucleon-nucleon interaction vij (see Eq. (1)) is taken
as the Minnesota force [32], complemented with a zero-
range spin-orbit term [38]. Using the admixture parame-
ter u = 1.011, and the spin-orbit amplitude S0 = 20.0
MeV.fm5 reproduces the experimental energies of the
3/2− ground state and of the 1/2− first excited state
simultaneously. The α+ t wave functions involve partial
waves up to jmax = 7/2 (with both parities). In addi-
tion to the 3/2− and 1/2− bound states of 7Li, the 7/2−
(Ecm = 2.18 MeV) and 5/2
− (Ecm = 4.13 MeV) res-
onances are also well known cluster states. Continuum
states up to 20 MeV are included in the basis. Various
tests have been performed to check the stability of the
calculated cross sections against the cut-off energy. At
the scale of the figures, increasing this energy does not
bring any change in the cross sections.
The present microscopic cluster model is very similar
to those used in the past to describe the spectroscopy of
7Li, the α + t elastic phase shifts, and the 3H(α, γ)7Li
cross section [39]. In particular, the quality of the 7Li
wave functions can be assessed by electromagnetic tran-
sition probabilities and by the quadrupole moment of the
ground state. For the B(E1, 3/2− → 1/2−) value, the
GCM gives 7.5 e2.fm4, in good agreement with experi-
ment 8.3 ± 0.5 e2.fm4. The theoretical and experimen-
tal values of the ground-state quadrupole moment are
−37.0 e.mb and −40.6± 0.8 e.mb, respectively.
The 7Li wave functions (including the pseudostates)
are then used to determine the coupling potentials (7).
The neutron-208Pb optical potential (at the neutron en-
ergy of En = Elab/7) is taken from Ref. [40], by neglect-
ing the spin-orbit potential. The proton-208Pb cross sec-
tion at Ep = Elab/7 is virtually identical to the Ruther-
ford cross section [41], and the corresponding interaction
only involves the Coulomb potential.
The coupled-channel equations (6) are then solved with
the R-matrix method, as alluded to above. For high par-
tial waves, the number of (cL) values can be large (typ-
ically up to 150). Owing to the large rms radius of the
pseudostates and to the long-range nature of the dipole
Coulomb potentials, large channel radii must be used. In
these conditions the accuracy of the numerical method
is a crucial issue. Many numerical tests have been per-
formed to check that the cross sections, at the scale of
the figures, are not affected by the choice of the chan-
nel radius and of the number of basis functions. Typical
values are 30 fm and 120, respectively.
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FIG. 2. 7Li+208Pb elastic cross sections, normalized to the
Rutherford cross section, at Elab = 27 MeV (a) and 35 MeV
(b). Dotted lines represent the calculations without breakup
channels (at 35 MeV the curves with one and two channels
are almost superimposed), and the solid lines are the full cal-
culations with increasing α− t angular momentum jmax. Ex-
perimental data are from Ref. [37].
4In Fig. 2, we present the elastic-scattering cross sec-
tions at Elab = 27 and 35 MeV. The calculations have
been performed by increasing the number of 7Li states.
Obviously, the single-channel approach (labeled by “1
ch”), limited to the 7Li ground state is not able to re-
produce the data. At Elab = 27 MeV, a slight improve-
ment is obtained by including the 1/2− excited state (la-
beled by “2 ch”). At both energies, however, an excellent
agreement can only be achieved by including all breakup
channels up to jmax = 7/2. This value corresponds to
an angular momentum ℓmax = 3 for jmax = 7/2
−, and
ℓmax = 4 for jmax = 7/2
+. Partial wave j = 7/2− is im-
portant since it contains a low-energy resonance. Higher
values of the angular momentum are expected to be negli-
gible. A non-microscopic CDCC calculation [42] requires
a renormalization of the α−208Pb and of the t−208Pb op-
tical potentials by an energy-dependent factor, close to
0.6, which is significantly different from unity; the cor-
responding cross sections are therefore strongly affected.
Our microscopic approach presents a more powerful pre-
dictive procedure, as it does not contain adjustable pa-
rameters.
Our model can be further tested through the calcu-
lation of the inelastic cross section, presented in Fig. 3.
At large angles, the nuclear contribution is important.
This cross section is much smaller than the elastic one,
and is more sensitive to the details of the wave function.
Notwithstanding that no fitting procedure has been ap-
plied, the agreement with the data is fair. Here again,
the role of the breakup channels is not negligible. In
particular, the second excited state j = 7/2−, which is
a resonant state in the continuum, slightly reduces the
cross section.
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FIG. 3. Inelastic 7Li+208Pb→7Li(1/2−)+208Pb cross section
at Elab = 27 MeV. The dotted line represents the calcula-
tions without breakup channels, i.e. limited to the ground
and first excited states. The data are taken from Refs. [43]
(black circles) and [42] (open circles). The MCDCC curves
for jmax = 3/2 and jmax = 5/2 are superimposed at the scale
of the figure.
This exploratory work on the 7Li+208Pb elastic scat-
tering shows that the MCDCC is a powerful tool for
the description of low-energy reactions involving weakly
bound nuclei, where breakup couplings are important.
It is expected to be particularly suited to the scattering
of exotic nuclei, which present low breakup thresholds,
enhancing the effect of the continuum. The model is
only based on nucleon-target optical potentials, which
are available over a wide range of masses and scattering
energies. Without any renormalization factors, we have
shown that 7Li+208Pb elastic and inelastic cross sections
data can be fairly well reproduced provided that breakup
channels are properly included.
The present approach opens new perspectives in
nucleus-nucleus reaction calculations at low energies. We
concentrated here on 7Li, a well known α− t cluster nu-
cleus. However, extending Eq. (2) to include core ex-
citations is quite feasible. In fact, several microscopic
cluster calculations have been performed with core ex-
citations (see, e.g., Ref. [44] for 11Be, and Ref. [45] for
17C). Calculations involving these exotic nuclei are much
more involved, but the model itself is identical. Besides,
the present approach can be easily extended to three-
cluster projectiles, such as the Borromean two-neutron
halo nuclei, 6He and 11Li, where RGM wave functions
are available [46, 47]. Finally, other processes such as
breakup and fusion reactions, both of great current in-
terest, can be described by generalizations of the present
work.
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